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Frenet-Serret coordinate system: We assume that there exists a closed
orbit ry(s). The coordinates around the reference orbit 1s defined by

_ dfo _ as
S=—, X=—p—, Z=XXS§
ds ds
;7:;7;)4-)()?4-22 )?Z%S‘\-I-TE, S ' =—TXx

How to transform from the original coordinate system onto the
Frenet-Serret coordinate system? Generating function!
F,(P,x,8,z) = —P-(F, + xX + zZ)
oF, OF, - _ OF,
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=——3=(1+—>)Ps, p=——2=P:x, p=——2=P-z,
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O

I

. 2
H=e® +6Lm202 + (p, —ed,) +(p, —eAx)z +(p, _eAz)z

(1+x/ p)’
_OH . 9H . _OH . 9H . _9H . _ 9H
c T E:}I-]-'s'lpx - s 'I v 'l;j}e'_i-'rp-r B o ? 5T 'fljl}}t P = 1z .

The phase space coordinates are
(X,s,2) with independent coordinate t.
In one revolution, the time advances
T, called the orbital period. In one
orbital period, the particle orbit 1s
equal to the circumference C. All
accelerator components repeat in -
each orbital period. It would be nice
to use S as the independent

coordinate. How to make this Relerence Grbn\
coordinate transfer?

Particle Position
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These equations indicate that —-p, becomes the new Hamiltonian
with the (x,p,zp.t,-H) and s as the independent coordinate.
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Transverse magnetic field: Vx4=B, VeB=0. For 2D magnetic field, B can be
represented by either one component of the vector potential 4, or by a scaler
potential @, i.e. B.=-04 /ck, B,=0A /ox, or B.=V &, B.=V_®. Although the field can
be represented two ways, only the vector potential serves as the “potential” in the
betatron Hamiltonian. For two dimensional magnetic field, one can expand the
magnetic field using Beth representation:

14+ x/
=—p(1+2)+———L[pl + pll-e4,
P 2p
o PEX_ Bopy g X B.+ jB. =B, (b, + ja,Jx+jz),
p°  Bpp p ' |
. . \n+l
L 4 =R B30, oo ) |
Bpp p
AR b, :dipole, B = B,b,,
x"+ K _(s)x=—F=, b, :quad, B, =Bbx, B_=Bb,z,
bp
AB : . . n
2" K (5)z = — 2 a, :skew (vertical)dipole; B, = B,a,,
Bp a, :skew quad; B, =—B,a,z, B, =B,a,x,

b, :sextupole, a, :skew sextupole;
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positive/negative charge particles



Particle Position

How to solve the Hill’s equation?

X"+ K (s)x=0, z"+K_(s)z=0 2

Let y represent x or z:

J/” T K(S)y = 0, Reference Orbit

N\
(y(S) j: I (Sjso)ty(so) )
y'(s) Y'(s,)

The focusing function is piecewise constant!

(K>O ASin’\,/ES‘l‘BCQS\/ES Det(M(Sz,Sl))zl
K(s)=<K <0 y=4A4sinh,/|K |s+ Bcosh/|K |s
0 A+ Bs

COS\/E(S—SO) ﬁSin*/E(S—So)
—\/ESiIl\/E(S—SO) COS\/E(S—SO)

M(s,s,) =

9 LI



V'+K($s)y=0, K. (s)= 12$ 1 aBZ,
P~ Bp ox

K (s) =+ 1 OB,
Bp ox

b

Thin lens approximation: Let |K|{—1/f as £—0.

1. focusing quadrupole:

M(s.5.) cosv K/ ﬁsin\/if _)(1 0) // ‘
S,8,)=
" —\/Esin\/ff cos\/EK _1/f 1 f
2. de-focusing quadrupole: ¥
hl K¢ —L_sinh /| K |/ 1 0
M(S,SO):[COS VI K| J& | K| }_}( j

JIK [sinh | K |0 cosh[K |¢ lf 1 ‘

3. Drift space: K=0 M(s.s,) = (1 / J
’ 0 1
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Yo,

a. When the bend angle i1s small {/p<<1, the transfer matrix of the
dipole 1s equal to that of a drift space.

b. When the bending radius p 1s small, dipoles can provide strong
horizontal focusing with K =1/p?. The vertical focusing is

adjusted by trimming the edge angle. T
5/— \
M, = (m}m li}) M, = ( 1.}111::5 ?)

P P

The particle orbit enters and exits a sector dipole magnet perpendicular to the dipole
edges. Assuming that the gradient function of the dipole is zero, i.e. 9B,/dx = 0,
show that the transfer matrix is

vp _ [ cosf  psinf (1!
_11'}__(_5111,5. EDEH).' JL:_(D 1)

o

where 6 is the bending angle, p is the bending radius, and £ is the length of the dipole.



Using the transfer matrices, we can express the solution of the
Y'+K(s)y =0,

Hill’s equation:

y(s)
y'(s)

y(So)

=M(s,s )MC(s,,s,_IM(s, ,S, ,)...M(s,,S,)
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Floquet theorem: Many accelerators are designed with the periodic
condition: K(s+L)=K(s). The solution of Hill’s equation 1s periodic.
In matrix representation, we obtain

0 0 O o o 0 O o

M(s;+LIs))=MM, M, ... M,M,=M(s,)
M(SZ+L|SZ):M1MnMn—1Mn—2' - -1\/[2:1\/[(Sz)=1\/11M(S1)Ml'1

M(s,+L[s)=M;sM;M MM, | M, ,...M;=M(s,)

Each M(s) matrix 1s a product of identical number of matrices. They
are related by similarity transformation. The eigen-values of the
periodic matrix M(s;) are 1dentical.



The most general representation of the matrix M(s) with unit
modulus 1s given by the Courant-Snyder parameterization.

cosO+asin® [sind ,
M(s) = . . =Icos®+JsinD,
—ysin® cosP —asind
1 O o
I = , J= p , J'=—I, or Br=1+a’
0 1 -7 -«
A=e’" =cos®+ jsin ®
3774
2 S

As particles move through periods of an N 1 e
accelerator, the transfer matrix becomes

M* = (Tcos® + Jsin ®)* = L cos kd + J sin k.
M =Tcos® — Jsind.



Example: FODO cell

FODG CELL Figure 2.4: A schematic plot of a

FODO cell, where the transfer ma-

QF/2 B Qo B A/2  irix for the dipoles (B) can be ap-
[ ] | | proximated by drift spaces, and QF

and QD indicate the focusing and de-
focusing quadrupoles.
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Thin lens — use with care

cosd=1- sz , sin9 :A
2 2f
In this FOFDO cell with

Lg=1.0m, L dipole=2.0 m,
drift length of 0.25 m, the thin
lens provides us a good
approximation. Nevertheless,

the percentage error 1s larger
than 110/

uiialil 11 /0.

beta_x,y (m), eta*10 (m)

L=Im, Kq=1.m—2, L,=3.5m
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Example: FODO cell

HIDd oAl HIDd oAl HIDd AL

L oY1 LY1T 0)1 5} (cos®+asin® Ssind
21) 00 +1)00) (~ysind cos® —a sin ®

[1 {;][1 Oj{l Lj[l Oj{l %j_(cos®+asin® [sin @ j
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Misy) = Tcosd + ) sin® = cos ® + .J;) sin P,



Xo=10m, x,’=0, y,=0, y,’=5 mrad
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ﬂrf{.'i;g} — ﬂr‘fl::.*-;‘g|.*il :]ﬂrffl::h'l J [JM[H‘QL'-.HJI]_I.

Y 3
Misz) = Tcos® + ( . - ) sint = I ecos® + Josind
—72 T2
M{s) = Tcos® + ( “ b ) sin® = Jcos® + J) sin .

-]
Jo = M (s9|s51)J1 [ M(s2]51)] .
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M;; 1s the ij-th component of the matrix M(s,,s )
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Stability of accelerator cells: FODO cell example

HIDd oAl HIDd oAl HIDd AL

PR B 1 B - B 1 B - B -1 E &

_1 11 [ 1 []
1 1 1

1 01 LYl 0)Y1 L) (cos® +a sin® S sind,
21 00+ 1)A00 =y, sin®, cos® —a sind

L oY1 LYl 0)1 LY} (cos®. +a.sin®, B sind,
+1 007 1)A00 - —y.sin®d_ cos®_ —a, smd,

2
cosD :1+; —; _2J€f =1+2X,-2X,-2X,X,
2 1 1J2
) 1.:........|....
cosd_ :1—; +J[: _2][:f =1-2X,+2X,-2X,X, n [ {
2 1 1J2 -
X e —
Stability condition: (necktie diagram) 3
|cosD_|<1, |cosD_[L]1. “
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Figure 2.7: The horizontal
and vertical betatron ellipses
for a particle with actions
J, = J. = 0.57 mm-mrad
at the end of the first dipole
(left plots) and the end of the
fourth dipole of the AGS lat-
tice (see Fig. 2.5). The scale
for the ordinate x or z is in
mm, and that for the coor-
dinate =’ or z' is in mrad.
For the left plots, the beta-
tron amplitude functions are
G, = 170 m, a, = 2.02,
. =14.7T m, and a. = —1.84,
For the right plots they are
G, = 21.7T m, a, = —0.33,
4., =109 m, and a, = 0.29,



Let M be the one-turn map: (y ,j =M" (yow

y \ Vo

Let A, and A, be the eigenvalues of the Matrix M and v, and v,
be corresponding eigenfunctions. Thus we find:

1
(”"f') — avy + bus,
Yo

(yr;r.! ) _ h_,-_[i’i’i‘ (EI"&I) _ '5-‘-'}\?1“1"1 _I_ E}Agal-’;},

!
Ym

The stability of particle motion 1s given by | A,| <1 and |A, |[<I.
This is realized by the condition: |[Trace(M)| < 2.



Floquet transformation: y"+ K (s)y =0,

i S [/ 1 / 1
y=aw(s)e" W'+ K(s)w——=0 y'=—
W W

Floquet theorem: If K(s)=K(s+L), we can choose the solution with
the properties: w(s)=w(s+L), and y(s+L)=y(s)+®, where @ 1s the
phase advance 1n one period. The mapping matrix 1s

(y@) ]: y (S,SO)(y(So) ]
y'(s) V' (50)

(%cosw—wzwl’ sin W, W, siny
M (Sz ? Sl) - | l+wwwywy, wy W) 44| Q1 ]
k— o SInY —(-—J5)cosy 5, COSY +ww, SIny
_(cos®—ww'sin® w?sin® cos®+asin® [sin®
(s _K—ysinCD cosCD+ww'sin(D]<:>(—7/sinCD cos(D—asinCD]

1 1+’

p(s)=w", a=—5ﬁ’, y = 5 w(s) =/ B(s), l//(s)zj;%ds




(] - ]‘ : 1 " '
y'+KE(s)y=0,  H=_y*+K(s)y",

f | _ | s ds
Since  y(s) = ay/By(s) cos[hy(s) +§,] with 4y(s) = [u By(s)’
! y { '6’! o
Thus y = —f—i{tan W — E}’

The generating function for (y,y’) to (y,J) transformation 1s

2 fal)
; , v o, Y G
y, ) = ly = —2(tane — =),
Fily.v) = |, /dy g5ty = 3) po OB Y ey Ly an)
o = ——— = —5eC W= —| | () .
: oF _J oy —2p° VT opW TV TAY
H=H+—" =7 )
oS W = 0H/[0J = 1/8(s),
ar _ _oil _
ds  ov
_ | | °7 |
y = /28J cos, V="\7 [sin ¢» + acos ],

Define: Py = ,dyf + ay = —/28J sin .

(v,P,) torm a normalized phase space coordinates with
y?+P?=2pJ, here Jis called action.



Courant-Snyder Invariant e Stope=1/a
[e7B-

2 I} 2 1 2 ) Slope=-o./p

w20y + Py =E[y Hay+pyy]=27=¢ , | -
. . — ¥

Emittance of a beam (not a particle) i
\y) = f yply, y')dydy’, (y') = f y'ply, y')dydy', Centroid
o, = f (v — ())ply.y)dydy'. oy = f (v — (") ply.y')dydy',
Oyy = / (v — W)W — W"))ely. v )dydy’ = royoy.
Erms = \/ﬂl‘ — {'le = TyTy 1 — re. €rms — V deto = \/Jllﬂ'gg — G’%E.

A beam with an rms emittance 10 # mm mrad, what will be the rms betatron
amplitude of a beam at the location with pB=10 m? Ans: 10 mm!

o= (70 7)< () = (v - )y - D)),

012 022 Ty’ Ji;’ 5
; Ty Oex') _ B —a
o(s2) = M(sa|s1)o(s1)M(s2]s1)". o 0% ) ™ a4 )
p(y,y') = p(y'o ty). .
oy = {“;-:e'g + 2axx’ + ,.'3:::“"]r ).

Erms



The rms emittance is invariant in linear transport:

€ = oigi —o2,
gl = <.r£> —(z)*, ok = <:r"‘3> — (2" o = (wx') — (x) (2,
we find
dn% ! f
= 2{xx"y —2{x) {2")
)
‘i;::’ = 2(z'z") — 2(a')
do gy 2 2
{I: = <;1:' > — {z")" — (z) (") + (x2")
Using Hamilton's equation " = —22 we find
de? o do?, dos der
ds ~ %Tds + o ds 202 ds
LU dH dH oH
= -2 20,0 | { 2— ) — {: —
a(G {:u> @) (Gz)) 2o ((e5) - @(37)
If 0H/dx = Kz, then 4 E'_ —20%a 0 + 20,00% = 0, Le. € is conserved. If the

Hamiltonian is nonlinear, € is not invariant.



Some design examples:

1.

Large colliders are normally made of arcs and insertion
regions (IR), where arcs are made of FODO cells for beam
transport, and IRs are used for physics experiments. The IR
matches all optical functions for special properties relevant to
physics experiments.

High power accelerators are designed by taking into
account the effects of space charge and transition energy
crossing into consideration.

Synchrotron radiation facilities are designed to minimize

mittance and retain a ]nno straicht section for IDs.

A e W VAL ws LWLDLLV [ &4

Low energy proton synchrotrons can use the dipole for
horizontal focusing, and edge angle for vertical focusing.



CIS: Circumference =17.364 m, Inj KE= 7 MeV, extraction: 240 MeV
Dipole length = 2 m, 90 degree bend, edge angle = 12 deg.

e

"

= 1 3 = = e 4 - . .
a2 - . S e
= | - B W - =

eCIS: No constraint on circumference (C=20m). Use CIS dipoles & cavity
Need Damping wigglers, chicane, electrostatic kickers & septum



Ldip=3.0 m, p=1.91 m, Edge angle=8.5°
Circum=28.5 m, Qx=1.68, Qz=0.71, KE tr=356 MeV
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fx ET — i
= EC E=261.0 MeV |
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Nader Al Harbi & S.Y. Lee, RSI, 74, 2540 (2003).



Homework#1

Low energy synchrotrons often rely on the bending radius K = 1/p? for horizontal
focusing and edge angles in dipoles for vertical focusing. Find the lattice property of
the low energy synchrotron described by the following input data file (MAD). What
is the effects of changing the edge angle and dipole length? Discuss the stability limit
of the lattice.

TITLE,"CIS BOOSTER (1/5 Cooler), (90degDIP)"

' CIS =86.82m / 5 =17.364m; protons from 7 MeV to 200 MeV 1n 1-5 Hz.
LCELL:=4.341 ! cell length 17.364m/4

L1 :=2.0 I dipole length

L2 :=LCELL-L1 ! straight section length

RHO :=1.27324

EANG :=12.*TWOPI/360 ! use rad. for edge angle

ANG =TWOPI/4

OO : DRIFT,L=L2

BD : SBEND,L=L1, ANGLE=ANG, E1=EANG,E2=EANG, K2=0.
SUP: LINE=(BD,00) ! a superperiod

USE, SUP, SUPER=4

PRINT, #S/E

TWISS, DELTAP=0.0, TAPE

STOP



Betatron motion 2: Effects of Linear Magnetic field Error

X"+ K _(s)x= AB, , 2+ K _(8)z=- AB,
Bp Bp

AB_ + JAB,_ = BOZ(bn + ja, )(x+jz)n,

b, :dipole, a, :skew (vertical)dipole; B. = B,b,, B.= B,a,,
b, :quad, a,:skew quad; B, =B,bx, B =Bz, B.=-B,a,z, B.=DB,ax,

b
Dipole field error: YAK ()x=2L, 2+ K (s)z=—2
P P
" bl " bl
Quadrupole field error: x"+K (s)x=—x, z'+K (s)z=——z
P P



Effect of dipole field error:

We consider a single localized dipole error with the kick angle given
by 6=AB{/Bp. Because of the dipole field error, the reference orbit 1s
perturbed! The 1dea 1s to find a new closed orbit that include the

dipole field error. V'+ K, (s)y=05(s-s,)

The closed orbit condition 1s: [yo j
Yo —0

cosP+a,smd f,sin®
—7,siIn®d cos® -, sin®

Where ®=2nv, v 1s the betatron tune, the

parameters o, By, and vy, are values of the

Courant-Snyder parameters at the kicker
location. The solution 1s

4 :

~ 7

0

Yo =

=—= COSTTV, Y, =
2sin v

(sinzv —a, cos v)

2sin v



We have solved the closed orbit at one point s,. The closed orbit of the
accelerator can be obtained by making mapping matrix:

[y ,(S)] :M<s,so>(y ?] v (5) = Gls,5,)0
y(s))_ Y

JB(s)B(s)

G(s,s,) =

cos[zv—|w(s)—w(s,)|]

2sin v




Voo (8) = G(5,5,)0

G(s.s,) = VEEIBG)

2sin v

cos[zv—|w(s)=w(s,) ]

Note that the closed orbit is described by Green’s function. When
the betatron tune 1s an integer, the closed orbit diverges. Each
time, when the particle arrives the same location will receive a
coherent kick and the particle becomes unstable.

¥ ¥

an
/s

vy = Integer vy = helf-integer

(72




For the distributed dipole field error, the closed orbit becomes

15) = 22, TG Ycostarv () -, [ 2202

2sinzv * Bp
Making coordinate transformation:
¢ d
(0()—— j ﬁ(s) () =vp(s), w(s)=vp(s,): ds=vBdy

The closed orbit becomes

()= 2D ) Jae {ﬂ”() f)}osv[n—w—m]

V”((o) = “”)J > e,

k=—00

f. = { 3/2 AB(§0)} —jk¢d¢_— { 1/2 AB((D)} ~iko g
Bp Bp

27TV

1 (5) =B S L Ti_ e

2
k:—oo _ k



Applications of dipole field error:
1. closed orbit bump:

2. 1njection and extraction kicker

3. rf kicker
4. ...

Fractional Tunz and Vertical Position {arb units)

%o (mm)
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Using chicane-dipoles, one can provide local orbit bumps!

— Il Hi-— IR

EHOW=075 m, C=20m, Chicane off

[3.1,3(1]1):- D.x':ll])




Pulse from

linac l

= Kicker 1

zero field regio

X Z>
X, )

v ﬂ(S

2sin 7zv

Z\/iﬁ COS m/

x,,(s)=

Kicker?2

A

Extracted
beam

Slull

Condition for locahzed closed orbit :

FH COS 7zv)+ 5,0, cos(m/ ¢z1)

¢21 =7

and

\/T 5,0, sin m/) +./ 5,0, sm(m/ -9, ) =



Kicker Strength

Electrostatic kicker:
E-L
0, =
c-Bp
Bp =0.2[Tm] at 60 MeV
L =length of the kicker

c =speed of light

, Where

E = gap electric field

Xco (MmMm)

e'k =24mrad ——
6, =18 mrad

T T T
6, =12mrad ---x---
6,( =6mrad -3 A
J \
Jc‘ \\ -
/ \
[ \
[ \

[ -0 005 E0-00-5.. -
[ @ (S|

%:Wﬂ;._%:::’%?::

| | | | | | |
4 6 8 10 12 14 16
s (m)

For one turn injection and extraction, the integrated field strength is
0.60 MV at 25 MeV electron beam energy. Choosing a length of
L=0.5 m, the applied voltage on two plate 1s 60 kV.
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Application: Orbit response matrix (ORM) and accelerator modeling

Closed orbit vs dipole field change:

We consider a set of small dipole perturbation given by 6;, 7 = 1, ..., N},, where NNy,
15 the number of dipole kickers. The measured closed orbit from the dipole pertur-
bation 15 y;, ¢ = 1, ..., N, where N, 15 the number of beam position monitors. The
response matrix R, defined as

Yi = R'Ejgj'l .:-" — ]-:-"':-Jn""i:!' t=1,... ‘II"]TL'-

The ORM method mimimizes the difference between the measured and model
matrices Ry and Ryoqe. Let

R
|R111|::|:1£-1_.éj — Rexp_.éj| B, = data,ij
W, = R "= fg
| x
JL'E = %—TZWE ||“r'iﬂ’m”| = 0.
d Nm
.
“rk: ('H"m T -ﬁ'u?mj ~ “Ik':w?nj T kf’j‘*'“"m = 0.
'H:I'i"ﬁ!-
W : e . .
W= ——£ = UAVT, Ay = — (VAU ) W (),



Effect of quadrupole field error:

AB AB
=, 2"+ K (s)z=—"" > y'+(K,+k)y=0
Bp Bp

We assume that the transfer matrix of the unperturbed betatron can be described

b
M M,(s)=1cos®,+Jsin®,, D, =27xv, J(s) :(a(s) B(s) j
—y(s) —a(s)

x"+ K _(s)x =

1 0
The perturbation can be described by m(s,) = ( k(s )d j
—k(s,)ds, 1

The transfer matrix of the one-turn map 1s M(s,)=M(s,)m(s,)
cos D, +a,sin®, — B k(s,)ds, S sind,
—y,sm®, —[cosD, +a,sinD k(s )ds, cos®,—a,smnd,

M(Sl):(

cosD =cosD, — % Pk(s,)ds, sin®, O=0Q,+AD

| | |
AD ~ = Bk(s))ds,, Av~—Bk(s)ds;, Av~—=§Bk(s)ds,
2 4 A



(1) The quadrupole field error changes the betatron tune.

(2) The quadrupole field error also changes the betatron amplitude
function, which is obtained by the one-turn map:

M (s,)=M(s, +C,s)m(s,)M(s,,s,)

A[M(Sz)]lz =—k(s,)ds,f,f,smv (¢ —@,)smv (27 + @, — @)
A[M (s,)], = AlB, sin®|= AB, sin®, + £, cos ® AD

A 1 .
ﬂﬁz e Bk, s sin 2, (7 + 6, )
2 0

For a distributed quadrupole field error, the perturbation to the
betatron amplitude function becomes

A/BIB(S) T 2 SiIll () jdslﬁlk(sl ) sin 2VO (72- + ¢2 B ¢1)

AB(sY vy TP | )
B(s) - 2sin @, £d¢1'8 (@)k(p)sin2v (7 +@—¢)




Note that the betatron amplitude
function diverges when the betatron

tune 1s integer or half-integer! /

2 l/ | /
d” AB(s) L4y ABGs) _ 2vp%k(s)

dg* Bs) " B(s) | |

voBk(s)]= i J, e g = 1 §[B k(s)]e*ds
p=—® 27
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Applications of quadrupole error

Betatron amplitude function measurement

1 .
Avx——§ fik(s,)ds (Bez) = 4

0300 O —
- |l il I |:l ~ E'" .y
027 . —]
0.250 |— ___...Er"""D—_
F EED
1.555 :_ E_BD .
N B E Ux
£.200 _—E| -]
B 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
— 500 0 500 10000 15000
COMBG DAC
1 AB
Tune jum f:'iy: == 5 )X( -'.-’Jz
une jump 4 Bp

Half-integer stopband corrections

ﬂjﬁf.i

—

N

Figure 2.22: An example of be-
tatron amplitude function measure-
ments, where the horizontal and ver-
tical tunes are determined from the
FFT spectrum of the betatron oseil-
lations. The slope of the betatron
tune vs the quadrupole field varia-
tion 15 used to determine the beta-
tron amplitude functions. Becanse
the fractional parts of betatron tunes
are qr = 4 — vy and g. = 5 — ., the
fractional horizontal tune is seen to
increase with the strength of the hor-
1zontal defocnssing quadmpole.

s,



Betatron oscillations in the presence of a dipole kick
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Turn-by-turn data can also be used for accelerator modeling

The linear response of a dynamical system is represented by the relation between
the Ny-dimensional observation vector y(t), 1.e. the number of BPMs, and the N-
dimensional source-signal vector s(t) by

vit) = As(t) + N(t) (B.9)

e BN Ns i the mixing matrix, and N (#)

15 the noise vector assumed to be stationary, zero mean, temporally white and statisti-
cally independent of source signal s(t). The task is to determine the mixing matrix A

where Ny = N, Ng 1s unknown a priori, A

(1) n(2) .o p(N)
yall)  yel2) ... yolN)
y = . . . :
\ Umll) um(2) ... ym(N)

Consider the betatron motion: x = /23, Jsin(v.9)

We can organize the turn-by-turn betatron coordinates 1n a data
matrix, X. If we carry out singular value decomposition, we find



X =U\VT,

JE—
2
P HlIl Uy 20z CDS 1 f,) = 5’;:""‘- 0 0
w01) M w1) - 0 V2NN
U= 28, \ = 2P
P —5111 (ve9) z cos(vp®a) ... 0 0 0

[2 /2 [2 e N \
/ + Cos(2mus - A7 Cos(2myy, - + cos(2my, - N)

. 2 : 2 9 . N
VT — \/ & sin(27y, \/ 7 sin(2my, \/ 7 sin(2my, - N)

0
\ ; : ; )
=U,,U,,...,U,) Note that The eigenvalues of betatron modes

U12 N U22 o B.(s) increase with the number M of BPMs and the
number of turns N measured.

What happens if BPM data are noisy? How about the beam energy
deviates from the designed value?

x = /20, Jsin(vz¢) +N(s,t)+D(s)8(t)



Homework#2: Carry out detailed analysis of the betatron motion in

the presence of an rf dipole: F‘
=y

i'.!r.l-.'2

+ _I'!L-lr__-‘.':]y = H.g :"“liI]. '..J.-']]_]_!L Z f_hu-'lf""n — .i'.i'{-ar:'.

L= —

The key to solve this problem 1s to carry out Floquet transformation:

0 AB
y' + K (s)y -““Bf mm) itn=0
= y/V/B with ¢ = (1/v) [ ds/3

Once you have done this transformation, the rest of the problem
become trivial (see next page):



The turn-by-turn data can also be generated by an RF dipole:

:’fg o _ . o) ,
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i1.5= L
i(s —nC) = |d51d¢|55f — 2mn).
2 o
d=1 . /B0
J _.é.i' + L"E.i'Ji' = "'f ek Z sin(n + 4y )
L= =

= Acosvd + Bsinvo + 1,

j.-"\il.-" f@ﬁ‘a o .
 P— —— slnl e 4+ vy o,
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Off-momentum closed orbit and dispersion function

Theliiding dinale field nd Aaiadriinale farind
1mciuaing aipoic 1iCia errors anad quaarupoic uuoausulucut, wC 10una

the closed orbit for a reference particle with momentum p,. By
using closed-orbit correctors, we can achieve an optimized closed
orbit that essentially passes through the center of all accelerator
components. This closed orbit 1s called the “golden orbit,” and a
particle with momentum p,, 1s called a synchronous particle. A beam
1s made of particles with momenta distributed around the synchronous
momentum p,,.

e What happens to particles with momenta different from p,?
e What is the effect of off-momentum on the closed orbit?

AN/ ARAw NS/ AR WALAW AN AW NP JA S AWV

For a particle with momentum p, the momentum deviation 1s Ap=p-p,
and the fractional momentum deviation 1s 0=Ap/p,, which is typically
small of the order of 10 to 10-3. Since d is small, we study the
motion of off-momentum particles in perturbation expansion of 0.

5—Ap<
Po

p=p,+Ap, <1



(. p+zx | B.py T\
r — ; —:IZ__(1+_) ? B:_+B[]+Bliﬂ+"'1

Z=F ”—(l+f)u-. By/Bp=1/p

2
x”—ptx: —l+Kx b 1+2£+x—2
p P 1+0 p P

, ( 1-6 K J 5
x"+ — X =
p’(1+8) (1+0) p(1+90)
o
p(1+6)

x"+£12—K(S)+AK(S)jx= AK(S)=(22—K(S)j§+O(52)
p p



x”_p_l_zx:iBz &(14‘1)2, Z”:—Bxﬁ(l‘l‘i)z.
p Bpp p Bpp p
Expanding the betatron equation of motion, we obtain
v 120 _KO©) 8 g B p 3B
p (1+0) 140 o(1+9) Bp Ox

For a planar accelerator, the horizontal betatron equation of motion
for particles with nonzero o 1s inhomogeneous. The solution of the
inhomogeneous equation 1s a linear combination of the particular
solution and the solution of the homogeneous equation, 1.e.

x=x,+Do X'=x,+D'S
X+ (K (s)+AK )x, =0, K (s)= %—K(s)
yo,
D"+(K (s)+AK )D = L 0(5)
yo,

The solution of the homogeneous equation is the betatron oscillation.
The solution of the inhomogeneous equation 1s called the dispersion
function, or the off-momentum closed orbit.



x"+ lz_K(S)-I—AK(S)ij
Yo,

.Xfr_|_ IZ—K(S)}X —
yo

Drr+(12—K(s)jD:1’
p p

1 - _
sin +/ A .8
P\ﬂ_ T

-

For a pure dipole:

o

p(1+0)

p(1+6)

’ (i(l—ms\/ﬁ_’ﬁ))

(ﬂfx |( l—l-':fﬁhmg))
~. ‘”'\m sinh y/ |1"i.:.~ s

ill.l’f = (

if K, >0

if K, <0.

cos @

—(1/p)siné

0

, AK(s) :(22_K(S)
Jo,

J(S*OW)

psinf  p(1— cos#)

cos f
0

sin ¢
1

j,



x=xﬂ+x00=xﬁ+D5 (D{Sg

, (1 1
D +(2—K(s)]D =—,

o,

For a pure dipole:

For pure quadrupoles:

M(s,s,) =

M(s,s,) =

} L (D(Sl)
D’(Gg)) - ’U’[{g”glj D'(sy)
D(s9) -
p 2 Fi% 5
o= (M )|
1
cosd posiné  p(l-cosb) 1 7
M =|--sin@ cosd  sind —> |0 1
0 0 1 0 0
cosVK/ ﬁsin«/fé 0 1 0
—JK sinVK/¢ cosv K¢ 0 |—=|=1/f 0
0 0 1 0 0
cosh/| K |/ ﬁsinh\”KM 0 1 0
JIK |sinh | K¢ coshy|[K|¢ 0|1/ 0
0 0 1 0 0

1

0




Example: FODO cell

PR B 1 B - B 1 B - B -1 E &
1 [ 11 [ 1 [
[ | [ | [ |
1 0 0\ /1 L L&\ /1 0 0\/1 L L&\ / 1 0 0
M_(—ﬁ 1 D) (ﬁ 1 # ](% 1 n) (n 1 # ) —% 1 ﬁ]
() 0 1 0 0 1 0 0 1 0 0 1 \ 0 0 1
Closed orbit condition:
D —#= 2L(1+ &) 2LO(1+ £) (D
= L 12 L = L L '
Dif=|-sptip 1-3z 200-435-35) LE’
1 0 0 1 1

Using the Courant-Snyder parameterization for the transfer matrix, we obtain

® L 2L(1+sin(®/2))

51 — = I3}

= —. S N | }
2 2 ' sin @ O |
Lo(1 4+ Lgin(d/2
- ( fri%.“rlllf: / J}_. D —o.
sin”(®/2) :

Result: (1) The dispersion 1s proportional to the length of the cell L, the bending
angle 0, and inversely proportional to the square of the phase advance. (2) The
dispersion at other locations can be obtained by using the transfer matrix M(s,,s;)



The AGS (33 GeV proton synchrotron built in 1960) 1s simply
made of 60 (5%12) FODO cells. The CPS (28 GeV) 1s simply
made of 50 FODO cells.

Betatren amplitudes (m)
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Figure 2.5: The betatron ampli-
tude functions for one superperiod
of the AGS lattice, which made of
20 combined-function magnets. The
upper plot shows G, (solid line) and
/. (dashed line). The middle plot
shows the dispersion function [,
The lower plot shows schematically
the placement of combined-function
magnets. Note that the superperiod
can be well approximated by five reg-
ular FODO cells, The phase advance
of each FODO cell is about 52.87,



We recall that we define the normalized betatron phase-space coordinates:

VP 2=y Hay+py ) =2pJ.

We define the normalized dispersion function coordinates:

r

Xa= =D =
Py = \_/,ifj.f_) + 2 D =

2J3cos Py,
—/2Jysin by,

The H-function of the dispersion invariant 1s deﬁned as:

0.4

0.2

=
@

f 2 { :2 j !
H(D,D') = v, D* + 20, DD’ + 3,D [D (8D + oy D).
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R AL R W A N vs . The scales for both Xy
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Path length, momentum compaction and phase-slip factors:

VVC 1clall

Yh PP B
L1IC 1
orbit in one complete revolution 1s

ICI CL=9oC

di = \/(1+%)2(ds)2 +(dx)* +(dz2)* = ds[(l+%)2 +x"+27]"% = ds[1+=]
Do
C=§d€§§ds+§>£ds=€o+§xﬂ+ ds
P P
D dAC 1 D
AC = b—d 5, = = = — D 9
35p 5 a= C§3p 2< )

Here o, 1s called the momentum compaction factor, which is a measure of the
compactness of the orbit length for particles with different momenta. The important
of the orbit length 1s that the particles in synchrotron must synchronize with the rf
accelerating voltage. Note that the orbiting time for particle 1s T=C/v. Thus

AT  AC Av ( 1 )&p ; 1 1 1
= — = |y — —5 |]— = No, 1= e — 5 — _a9  _9°
1y C v o po % oo

Here 1 1s called the phase slip-factor.



AT  AC  Av 1 Ap | 1 1 1
—_— - —_— (ﬂ(: - _:)_ — T;I"ISJ T? — &Ef T B — 9 _ g
Ty C v 2" g 9 e =R

Vi = Visings, Ey= foeVysings, FE = fel{ysin ¢,

¢ = —h#, where 6 is the actual angular position of the particle
d AT Ap  nhwi AE
—(¢p — ¢ps) = —hAw = hwy— = hnwy— = — :

d (AE r . _

7 ( » ) - ZTELf’[](smcp — sin ¢y),

. () i

V=V sin(w 4+0)

o,.~hf,

Av 1 Ap 1 AE
vy p, B E

E_EBy_E-E 1 1 E-EB AU, d[ﬁ]
)

W o, @, @, @, AE dt



Phase stability and the synchrotron equation of motion:

d ' —
E(@ — Ert'ﬁ) —

d(&E)_
df L -

dz(ﬂf} o ‘i’s) _

AT

—hAw = hwy—— = hnwy—

1y
1
21

nhmﬁ eVy

2
1 COS @y <

/2 < b <

1

Q?T,SEE[}
0,

1 1

=™ 73

AR

Wayn — Wi ‘\\

heVi|n cos ¢s|
232y

nhwi AE

—eVp(sin ¢ — sin @),

n cos gphwieV)

B2Ey wy

(sin ¢ — sin @) ~ on P,

if v <7, orn<0,
if v >, orn>0.

(6 — o).

V=V sin(o t+¢)
o.~hf,



Ilustration of the Phase stability: A
beam bunch consists of particles with
slightly different momenta. A particle

with momentum p has its own off-
momentum closed orbit Dd. Since the
energy gain depends sensitively on the
synchronization of rf field and particle
arrival time, what happens to a particle
with a slightly different momentum when
the synchronous particle is accelerated?

Vo

Vo

Acceleration /

Lower Energy

Higher Energy

Synchronous Energy|

Deceleration

/2 I
(0

3n/2

The key answer 1s the discovery of the phase stability of synchrotron motion by
McMillan and Veksier. If the revolution frequency f1s higher for a higher

momentum particle, i.e. df/do>0, the higher energy particle will arrive at the rf gap

earlier, 1.e. 0<@,. Therefore if the rf wave synchronous phase 1s chosen such that
0<o.<n/2, higher energy particles will receive less energy gain from the rf gap.

Similarly, lower energy particles will arrive at the same rf gap later and gain more
energy than the synchronous particle. This process provides the phase stability of

synchrotron motion. In the case of df/do<0, phase stability requires n/2<@<m.
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Synchrotron equation of motion:

27
AE,, =AE, +eV(sing, —sing,) by =Gty

BE

A
’—‘En+l

heV |ng cos o c \J heV |1 cos ¢s

s 2732 E R nE
16 — T T . T — T T -
: T 3 The separatrix orbits forn > 0
o5k ] B 3 (above transition energy) with

: - 1 ¢0=2mn/3, 5n/6, =, (top) and forn <0
(below transition energy) with ¢ =
0, /6, n/3 (bottom). The phase space
area enclosed by the separatrix 1s
called the bucket area. The
stationary buckets that have largest
phase space areas correspond to
¢,=0 (bottom) and & (top)
respectively.
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Summary:

1.

Particle motion in an accelerator can be described by 3D simple harmonic
motion. The transverse degree of freedom is called betatron motion and the
longitudinal degree of freedom is called the synchrotron motion.

The betatron tunes are number of betatron oscillations per revolution, and
the synchrotron tune is the number of synchrotron oscillations per period. The
betatron tunes increase with the size of the accelerator, while the synchrotron
tune is about 10 to 102,

. The momentum compaction factor plays an important role in the accelerator.

Typically, the momentum compaction factor for FODO cell lattice is a ~1/v 2.
Thus the transition energy 1s y~v,. However, the momentum compaction for
accelerators can be changed by changing the dispersion function in dipoles.

dAC 1 ¢D
-1

AC = §2ds5, o, = =
Jo, Cdo C* p

1
=~—» (D)6
ds CZ( )0,



Examples in design of synchrotrons

HHHH

Extracted beam

11177

=== Kicker 1 Kicker? 1. Beam in and out in one
revolution can debunch
linac bunches if

= == Ap/p>0.005.

2. The accelerator can also

Pulse from
linac

Lambertson septum

accumulate particles for
a storage ring.
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Note that a large compaction factor is necessary for achieving
de-bunching for the electron beams in a single path!

=
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Example: APS lattice is made of 40 Double-bend Achromats (DBA) with a total
length of 1104m. The momentum compaction factor for all DBA lattice is
a.=p0%/(6R). Because of its simplicity and flexibility, DBA lattice is commonly
used as basic cells of synchrotron light source design.
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Dispersion function plays a very important role in the performance
of high energy and synchrotron light source accelerators. For the
synchrotron light source, the H-function plays a particular
important role in determining the natural emittance of electron

beams. ie. . _pc 07, € =—22 ~383x10"m
32+/3mc

The factor F 1s lattice dependent factor, F~1 for FODO
cell, F~1/(4V15) for DBA lattice and F~1/(12V15) for the
minimum emittance lattice.




Colliders Light Sources

BEPC | CESR | LER(e™) | HER(e™) | LEP APS | ALS
E [GeV] 22 |6 3.1 9 55 7 1.5
v, 5.8 9.38 32.28 25.28 76.2 35.22 | 14.28
Uy 6.8 9.36 35.18 24.18 70.2 14.3 8.18
p [m] 10.35 | 60 30.6 165.0 3006.2 | 38.96 | 4.01
a [x107Y 400 152 14.9 244 3.866 2.374 | 14.3
C [m] 2404 | 768.4 | 2199.3 2199.3 26658.9 | 1104 | 196.8
It} 160 1281 | 3492 3492 31320 | 1296 | 328
fry [MHz] 199.5 | 499.8 | 476 476 352.2 352.96 | 499.65
U, 0.016 | 0.064 | 0.034 0.0522 0.085 0.006 | 0.0082
o [x107 4.0 6.3 |95 6.1 8.4 9.6 7.1
A [x107%eV-s] | 3.5 7.2 a.1 5.7 8. 4.1 0.43
€; |nmn| 450 240 64 48 51 8 4.8
€, [nm] 35 8 5.86 1.93 0.51 0.08 0.48
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How to measure D(s)? X_ (S)=D(S)J.

AT AC  Av 1 Ap ;
T e e Ty, Ty
Af/fo=—nd,
ﬂ’-IIT[-{] rj:r['{]
D = = —n fo ;
d(Ap/py) dfy

K=45 — 270 keV

|
2.8 | / 1=0-4y
I
(I [

Xz (mm)

D (m)

Electron Cooling
Section




Homework#3: s = /0202 — 02, = 0,0y V1 — 12, (2.71)

The displacement vector fmm a reference orbit for a particle is r = zg + D4, and
r = xg + Dé, where g,z g are phase space coordinates of betatmn motion and &

is the off-momentum parameter parameter. If the betatron motion and synchrotron
motion are independent, show that (see Exeercise 2.2.14):

2 ¢ 2 2 2 22 2
0y = Brex + D705, 04 = Ya€x + D705, Oza = —Cg€z + DD'c3,

where a,(s), 32(s) and v, (s) are the betatron amplitude functions, D(s) and D'(s) are
dispersion functions, and €, and o5 are the rms emittance and the rms off-momentum
width of the beam. Show also that the effective emittance defined as that of Eq. (2.71)

1S €p off = \/‘39: o2, — ot , = \/EI e + H(s)o2], where H(s) = v D*+2a,DD’'+3,D".

Exercise 2.2.14:
= f yply,y')dydy', (y') = f y'ply, y')dydy',
ﬁ—fy— )p(y. y')dydy' J«—f{’y— )p(y. y')dydy',

d ' .IE‘ i A —
oo = [ D~ oty sy =ryag. (P75 ) e (2,0

Ty’ e — O Y



Solution: With dispersion function and off-momentum 9, the
horizontal displacement from the center orbit 1s

r=x3+ D4 and z' =25+ D'
If the betatron motion and svnchrcntr::rn 111crti011 are independent, i.e. (x3d) =0 and (z30) =

0, we find 2\ _ 2
'..L JS I.T D

_.2 _ 2 rE
"-.'L -::I_J,S..T'r:{"r ‘|__D Iﬂ—{vj

(x2') = 05 yor + DD'0}

. . E ,lI -.j. ] n.'r‘.—'} ¥ |I'|IIE
Define effective emittance as €af = (N 7)) — (TT)
Ul‘} (¥ ! 4
ra IaT . i —i¥
Use the result: | 5 7| = €rms ( )
We find _ [/ 9 9 a H(s)o2
e fin €reffl =\ 0305 — Oy =/ € lex + H(s)o5]

H(s) = v,.D? + 20, DIV + 3,.D"



Chromatic aberration
Inhomogeneous
BX

x”—p+x:iBZ &(1+£)2’ o &(14_1)2 equation

p°  Bpp p Bop p
p/p,=1+0
-8 K(s) 5 OB,

.X'”‘|‘ 2 X = ’ K(S):ia B1:
o (1+0) 1+0 o(1+0) Bp Ox
1
x=x,+D6 D" +(K (s)+AK )D =—+0(9)
yo,
xg—l—(Kx(S)—l—AKx)xﬂ:O, z;+(KZ(S)+AKZ)xﬂ:O

K ()= —K(s), AK(5)=[-—2 +K(s)16 ~—K (55,
p p

K. (s)=+K(s), AK (s)=[-K(s)]0 =-K (s)0

Note that the betatron motion for off momentum particle 1s perturbed
by a chromatic term. The betatron tunes must avoid half-integer
resonances. But, the quadrupole error 1s proportional to the designed
quadrupole field. They are called systematic chromatic aberration. It
1s an important topic in accelerator physics.



1. Tune shift, or tune spread, due to chromatic aberration:
Av, = B(HK (5)dsp=C0, C,=dv,/d

Av, = _—E§ B.($)K. (s)ds]5 =C6S, C.=dv./ds

z

The chromaticity induced by quadrupole field error 1s called
natural chromaticity. For a simple FODO cell, we find

AV, = £ § B OK ()dsp =6 LY B f

croee | PP | _10(®ID)
% L f f ®/2 77

We define the specific chromaticity as

s =Clv, & =C.lv,

The specific chromaticity 1s about -1 for FODO cells, and can
be as high as -4 for high luminosity colliders and high
brightness electron storage rings.

sin 2 -k B = 2L,(1+sin(P/ 2))’ 5 - 2L, (1—sin(®/2))
2 2f o sin @ i sin @




2. Chromaticity correction:

The chromaticity can cause tune spread to a beam with momentum
spread Av=Co. For a beam with C=-100, 0=0.005, Av=0.5. The
beam is not stable for most of the machine operation.

Furthermore, there exists collective (head-tail) instabilities that
requires positive chromaticity for stability! To correct

chromaticity, we need to find magnetic field that provide stronger
focusing for off-(higher)-momentum particles. We first try sextupole

with ABZ +jABx =Bob2(x+j2)2, AS =§Re{Bob2(x+jZ)3}

" | B AP ABz " | Z P ABx
X+ K (5)X = , Z +tK (S)Z=—
Bp Bp
X=X, + DS AB. = Bb,(x* —z?) =B0b2(2xﬁD5+D252 +xz —Zz»)
Z=1Zy AB. = Byb,2xz = B)b,2z,D0 + Bb,2x,z

Let K,=-2B,b,/Bp=-B,/Bp, we obtain:
Xy +(K,(s)+K,D0)x,; =0, z;,+(K.(s)-K,D6)z;,=0



With sextupoles, the chromaticities becomes
C, =59 B.()K (5)~ K,(s)D(s)]ds

C. === § (K. () + K, (5)D(s)lds
For FODO cells, the integrated sextupole strength 1s

S =K,/ sin(®/2)

For high energy colliders and
high brightness synchrotron

light sources, the sextupole
strength can be much higher. 4
Even more important is the

effect of the systematic half-
integer stopbands.

S IO O] St
T

D4

0.0

a.00

sin(d/2)

_ , =K, =—
2t sF 27260(1+ Lsin(®/2)) D 2D sD 21%0(1-1sin(®/2))

4—family sextupole

-0.01

=0.006 1} 0.005 0.01
Ap/p



Synchrotorn Motion

A review:
1/2

—ed)?
H:e®+c{mzcz+(ps ed,) +(p,—ed,) +(p.—ed.)

(1+x/ p)’
. JH dH . OH dH . OH JdH
a8 = P = ——(——, ;= P — _.—:' & = R __F: — T -
i dp. P ils ! {’}’p.i..'p o p. ! i)z

The phase space coordinates are (x,s,z) with
independent coordinate 7. In one

revolution, the time advances T, called the
orbital period. In one orbital period, the
particle orbit is equal to the circumference C.
All accelerator components repeat in each
orbital period. It would be nice to use s as the
independent coordinate. How to make this
coordinate transfer?

Reference Orbit

N\




o odr i (HH) (E;?H)‘L A —p,)
PFrr=—=—=|— —_— — .

ds 5 dp,. /) \Op, dp,
dH = {ffi‘Hﬁ:}p,!.]dﬁ,?._—l— (0H [dp.)dp, = 0
_ dp, H— dp,  ,  Ops , dp,  ,  Op, ,  dp,
COHTTT gt e ﬁ:}_?.’PJ‘ T o T E’h},"pf Oz

These equations indicate that —p, becomes the new Hamiltonian
with the (x,p,,z,p,,t,-H) and s as the independent coordinate.

tr

_ O [(H—ed)? o 72
H=- (1 - i) [{ ; or _ m?c® — (pr — eAs)? — (p. —ed.)?|  —eA,,
P ¢
~ 1+x/
Hr=p(+ ) +——Ll(p, —ed) +(p. —ed.)]-e4,
P2 _ _
, O , OH , 0H , OH , OH , OH
X =——, px PN =~ > pZ:_—a [ — > -H =——.
op. Ox op. Oz OH Ot
AB. AB_
x"+K (s)x= , 2+ K. (s)z=— Hill’s equation
Bp Bp
27mn

AE,, =AE, +eV(sing,—sing.), ¢, =@ + AE,., Synchrotron motion

BE



T?:{I‘:_T:?_E'
r_C AT _AC Av_ [a _1jAp " 252,
v T C v V) Po :
_ 2 3
R=R,(1+ca0+ao" +a,0" +...) V=V sin(o,+¢)
a, = AR _ a,+20,0 +30,0° +...= Lz O=hty
R,do VT
Aw 2
0
1 33;
= (e, —7/—3), n, = 27/% + Q= Ay eenee-

For the moment, we neglect all nonlinear effects 1n the phase slip
factor. The equation of motion 1s given by

d AT Ap  nhwi AE
s) = —hAw = hwy—— = hnwy— = — .
n'f( — ) — T T po 4Ey wo
d (&f_‘f) 1 Vo(sin ¢ in )
= —ely(sin @ — sin ¢y).
dt wn 2 ! | Ps);



Fundamentals of rf systems:

Synchrotrons require rf cavities for particle acceleration. The rf
cavities are devices that can hold strong electromagnetic field. RF
cavity has characteristic of (1) frequency ® ., harmonic
number, (2) V ;, shunt impedance, Q-factor, and transit time
factor.

The cavity design 1s given in another class. Let the cavity gap be
g, electric field amplitude be E, and speed of the particle be v, the
energy gain in a cavity with sinusoidal varying electric field is
reduced by a transit time factor.

We normally include the transit time factor in the voltage amplitude
of the accelerator rf cavity.

g/2 .
AE =e j Ecos > s=ebEgl , T = sin(zg [ )

2w Tl PR




An rf cavity 1s a device to store electromagnetic energy at a
particular frequency with minimum energy loss. The cavity can be
designed with many different shapes and geometry.

Pill-box cavity _s,jf;,f @
-—-‘2—'!'.'!-

O —F>\
H._
rf
) Hpye
Ferrite loaded cavity
loop biasing main biasing
magnet ferrite rings  mMagnet fan
50
griving 11 1“ [ .
loop Input " : I h
Chuner ?“" \ b
conducior ? Rerrite rines 5'1"_"_"5':;.]._“_’._ e .;f:.rp;?mrs
=N ==l ,
f"'ﬁ seam plps 2 2
<hielding _
Irmer = Pipe
canductar | — s
outer i
ey . conducior | [l LI
_ Cad _,,/‘L H"“'-..__‘ \\Emmlc
- Gap




p (GeV/c)
Brho (T-m)
BL (T-m)
B (T)
L(m)
N_dip
L_dip (m)
P

f . (MHz)
C(m)

Ly, (M)

proton
N "

\J.J

1.238
0.808
2.695
16.936
1.4

12.097

3.024

1.3-7.0
28.5
3.5
1.68
0.72

electron
2 OO0

eI I I

3

3
10.007
62.875
1.3
48.366
48
1.0076
24
499.654
518.4
DBA
26.24
14.3

L'L'lf'.l.— p—

Bp=333564— p[GeV/clu]

A

| Bar

S =2n,
Bp

> B, =27Bp

h

fe  hepB  he

B(1)

ecp

h=864

- — ) p—
Ry Ryym Ry

[B‘E(ﬂ T (mecp)?

me* {3.12?3{;} [m] Tesla
0.001703/p [m] Tesla for electrons,

for protons,

1/2



The synchrotron equation of motion can be derived from the
Hamiltonian for phase space coordinates (¢,AE/®,):

Lhnw? (AEN? eV | | R
= ( ) + —[cos ¢ — cos ¢s + (P — @) sin ]

wo T

16

14
12
10

12

N ON B OO
L L

N B O R N ®W A OO N
NS
\,
4 N
/ N B
J \1

. =45° $».=30° 0. =20°

Note that the second term in the Hamiltonian can be visualized as
the potential. Stable particle motion 1s bounded by the potential
well. The area of stable motion 1s called bucket.




Equivalently, the synchrotron Hamiltonian for the phase space
coordinates (¢,0) 1s

1 p woe V' . SN .
H = 5}&;[}%@3 -+ Q?T[_;;?E[ms ¢ — cos @g + (‘?'53' - *if’} S111 Ei"]
: : V
b= hna,s 5 =-2°"0 (sin g —sin
' s  (Sng—sing,)

The fixed point of the Hamiltonian is located at phase space: (¢,,0) and (7-¢,,0).
Small amplitude motion around the stable fixed point (¢,,0) 1s nearly simple
harmonic with synchrotron tune Q, given by

h|ncosg |eV, _\/hlnleVo
= : =V_./| COS Vi =
& \/ 27B°E lcosg | 27°E

Qs = vV heV|ng cos | [2n 57 E

AGS | RHIC | FNAL-MI | FNAL-BST | 55C | Cooler

vs(x107%) | 32.3 | 0.589 15.7 15.1 0.839 | 0.395




Requirement of rf voltage in rapid accelerating accelerators

P _l _.31:: ‘ o '
Bp=", p=75F [f=57 Visino, = 2rRpb.

For electron storage ring: V sin(¢,)= energy loss per revolution

Be  hepB e B2(t) r’g
Wy = h— = = 2

Ry Ryym R, {Hg(t} + (mc? /ecp
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The synchrotron tune in a booster cycle. The squares are measured from turn-by-turn data
with ICA method. The crosses are measured from phase signal with synchrotron phase
detector (SPD). Note that the SPD method has difficulty in measuring the synchrotron tune
above the transition energy at around the 14.5 ms.



The Hamiltonian torus that passes through the unstable fixed point

alled the separatrix.

H(,8)=H,, = H(z - $,0) = ;j;;f; [~2cosg, + (7 —24.)sin g,
2 eVo

o + B ERT [cos @ +cos g, _(ﬂ_¢_¢s?_sinl¢ls]|:| 0

1S

G

1.8F

The phase space area enclosed N:
by the separatrix 1s called the
bucket, where particle motion
around the stable fixed point 1s
elliptical. The motion around the
unstable fixed point 1s
hyperbolical. The bucket area is
defined as

Gay ("TﬁEEhMVEV] 172

¢ Gad)
lov,

h| 14/ cosg, |

el
27B°Eh|n|

4, =§5SX<¢>d¢=16J a,(¢,) = a,(4,)



The moving bucket factor 1s given by
1/2

‘?5'5)_4\/_]_&3[ |ﬂ| [EDE¢+C(}5¢E~+(?I Gﬁ*“zﬁs]sm@] do.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

O, (rad)



The bucket area in phase space (¢,AE/®,) 1s given by

2
4y =P L, = haiAE

o

The phase space area measures the time-width, and energy-spread of
the bunch distribution. Thus the dimension of the phase space area

1s eV-sec. For example, a beam bunch with 100 ns bunch length and
1 MeV energy spread have a bunch area of 0.1 eV-sec. A beam with

1 MeV energy spread with 1 GeV energy has a fractional energy
spread of 10—,

(9, AE) (6.9) (¢, l5)
PN : [/2
Bucket Area 15[_2;;;;}“) an(os) | 16 [h,;_;}w, ,jl) ap(¢s) | 16 o ()
i1 W12 : /7 __ |
Bucket Height | 2 (250" ) "y | 2 () Y(9) | 2Y(4))




Using time ¢ as an independent variable, the equations of motion and the
Hamiltonian are listed as follows.

e Using (¢, AE /wy) as phase-space coordinates:

x 2
dp _ hwin (QE) ? d(AE/w) _ ieV(ﬁingﬁ — sin¢y),(3.33)

E - ﬁzE Wi fﬂf Qar
2 2 -
- %’i’;“g} (i_f) + Z:; [cos ¢ — cos ¢y + (¢ — ¢) sin ¢](3.34)

e Using (¢, d) as phase-space coordinates:

da dd woeV

E = hwyno, i QWJBEE(SHN{} — sin gy), (3.35)
1 e woel” , , , e
H = Ehwmﬁﬁ + QWISQE[COS b — cos ¢s + (P — ¢s) sin ¢s]. (3.36)
e Using (¢, P = —(h|n|/vs)d) as the normalized phase-space coordinates:
dep dP : :
o= wWols P, e ﬁwgys(smqb — sin ¢y), (3.37)
1 :
H = Ewﬂyﬁpz + ﬁmnus[cos ¢ — cos ¢s + (¢ — ¢s) sin ¢s]. (3.38)
n

e Using (7 = (¢ — ¢)/hwy, 7) as phase-space coordinates:

dr dT nwoel” _

il " 0nBE [sin(¢s — hwyT) — sin ¢, (3.39)
1., nel/ , .

H=_7"+ [cos(ds — hwyT) — cos s — hwyT sin ¢)(3.40)

2 2wh32E

The corresponding normalized phase space is (7, 7/ws).



B. Using longitudinal distance s as independent variable

o Using (R¢/h, —Ap/py) as phase-space coordinates, the Hamiltonian is

1 A 2 2
H=_1 ( p) R
2 h?|n|

Po

[cos  — cos s + (0 — o) singg|,  (3.41)




II.3 Small-Amplitude Oscillations and Bunch Area

The linearized synchrotron Hamiltonian around the SFP is
wpel cos ¢y 5
: ¥
4??,82E !

where p = ¢ — ¢s. The synchrotron frequency is given by Eq. (3.27), and

1
H = Eh.mﬂnai‘ - (3.53)

o= dcos(wt +x), &= —%q&l sin(wst + x), (3.54)
2|1

where w, = (J.wy 1s the angular synchrotron tune. The phase-space ellipse of
a particle becomes

52\ 2 2 5 TVl cor 1/2 q
) o & 2w 32 Eh|n| h|n|

where 4 and ¢ are maximum muplltudea of the phase-space ellipse. The
phase-space area of the ellipse is m?d:




II.3 Small-Amplitude Oscillations and Bunch Area

The linearized synchrotron Hamiltonian around the SFP is
wpel cos ¢y 5
; ¥
4TE'I62E ]

where o = ¢ — ¢s. The synchrotron frequency is given by Eq. (3.27), and

1
H = Eh.mnnfs? - (3.53)

o= pcos(wst +y), 8= —%q@ sin(wst + x), (3.54)
1 n

where w, = QQ.wy is the angular synchrotron tune. The phase-space ellipse of
a particle becomes

N e\ L, 8 (Voo )\ @ (3.55)
5) "\g) T 37 \ePER]) T hlap -

where ¢ and ¢ are maximum amplitudes of the phase-space ellipse. The
phase-space area of the ellipse is wdg.




For a given phase-space area 4, the maximum fractional momentum deviation
and phase-width are related to the area by

(%—AL"“E L 1/2 f‘l"ﬁl';|f3f}5g.'_r)ﬂ| 1/4
. (W'HEE ) 2w (32 E|n| :

é — 1(‘5 _ A[II.-'Q ( Iy )J-,."[::-" ( E?TIT?EE“” )J_J,-"l
T"T_" 4

heV| cos |
5 B (hﬁlﬂ Co8 c}bﬁ|) /2 Qs
5=

2732 E|n| “nl

Typical parametric dependence of the phase space amplitudes is
5~ Almlf’”"li‘s,lf'{|n|_”'l'"_y_3”, f ~ Al;’?};—lﬁlh—lﬁl|n|lf-1ﬂlr__—llf-'1:

For a beam with rms momentum and phase spreads 6; and 6, the rms phase

space area is A, =16,06;=1hcyc;. Here 6 is the orbital angle and ¢is the rf phase
angle. A beam bunch with Gaussian distribution is

2MO509

1 1 [ 6° 6°
p(6,0) = exp -5 {— -+




Amplitude dependence of synchrotron tune:

1 1

1
H = —.-I.l',w[m{j' -+ —an 0 — — tan ¢y 0 — — L,:J + -
2hn 3 12

Carrying out canonical transformation with the generating function:

Fi(o, ) = — ©* tan ),
1(9, ) 2h|”| P,
We obtain
2hnJ _ 20.J .
= cos, 0= — sin 1,
(s hn |
o 5 :
H = wyQ.J — ““;é” (1 + %tmﬁ qb) J? 4

040 ~ai- {1+ dura) ]

1 5 2 A2
0.(J) —Qs(l—m(l+3tan ¢Sjgo j

Vg (x107Y




Small amplitude motion around the unstable fixed point

- . el
= hnw,o 0 =—"-"(sing—sin
¢ 77 0 272'182E ( ¢ ¢s)
Near the unstable fixed point we set p=n—ds+¢. The equation of
motion becomes

. weV, . . w,eV, cos ¢
O0=—""C(in(r—¢ +¢)—sing )~ ——- S
2ﬂﬁzE( (T —¢,+¢)—sing,) A E @
@ =hnw,0
2
) h .
Thus gp:—a)oez(’ﬂﬂzzos¢sqﬁ=wj¢, S=wd

The equation of motion around the UFP 1s hyperbolical.
hnw,

@ =@, coshat+ 0, sinh w_t

Q,

S

@ .
0 =—"—¢,sinhat+0,coshwt

hnaw,




Define the normalized coordinates: 5 o 5 - K4
The phase space ellipse becomes 0y

52— 2(77 tanh ZwStjga +@° = :
|77 ] cosh2at
t —> 0, 51@“:0 16¢
1.oF
B.EE
Note that the phase space =
ellipse becomes =
elongated, while the phase DE
space area is preserved. The A
UFP can be used for bunch &
compression.




Requirement of rf systems:

1. Acceleration rate: dE/dt=f,eVsing, with Vsing=2nRp(dB/dt)

2. If n<0, 0<¢,<n/2, 1f >0, n/2<p<m.

3. The bucket area must be larger than the bunch area, f ., V, h.

s *rf>

4. The rf frequency is related to magnetic field by

) . : 1/2
,Be _ hepB _ he B(t) /
Wi = h— = — — —
1 Ry Ryym Ry | B?%(t) + (mc?/ecp)?
5. The bucket area and the bucket height are
(6, 55) (6.5) (6, 5)
#Eev \* o v \'¢ -
Bucket Area | 16 (:?ﬁu..ﬁ'hh”) f uh{';'l*}iéj 16 (Eﬁ.i:’h‘hhﬂ) “l}[ﬁbﬁj 16 flh{{i‘]r-:}
. . epey VU2 o N2, o
Bucket Height | 2 (2£540) " V(8 | 2(smy)  Y(90) | 2Y(8)
Qs = vV heV|ng cos | [2m 57 E
AGS | RHIC | FNAL-MI | FNAL-BST | S5C | Cooler
Lf:;[:-{l[]'_'-%] 32.3 | (1.O&89 13.7 15.1 0.839 | 0.395




RF beam manipulations:

(1) adiabatic capture

(2) Bunch compression

6 (arb. unit)

6 (arb. unit)
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Homework#4

In proton accelerators, the rf gymnastics for bunch rotation is performed by adiabat-
ically lowering the voltage from V; to V4 and suddenly raising the voltage from V; to
Vi (see also Exercise 3.2.5). Using Eq. (3.51) and conservation of phase-space area,
show that the bunch length in the final step is

1/2
A g2 /2,
Ofinal = | — Binitial,

Vsi

where éinitia,] is the initial bunch length in orbital angle variable, and 141 and 149 are the
synchrotron tune at voltages V| and V5. Apply the bunch rotation scheme to proton
beams at ' = 120 GeV in the Fermilab Main Injector, where the circumference is
3319.4 m, the harmonic number is h = 588, the transition energy is ,. = 21.8, and the
phase-space area is A = 0.05 eV-s for 6 x 10!° protons. Find the voltage V4 such that
the final bunch length is 0.15 ns with an initial voltage V; = 4 MV. The energy of the
secondary antiprotons is 8.9 GeV. If the acceptance of the antiproton beam is +3%,
what is the phase-space area of the antiproton beams? If the antiproton production
efficiency is 107°, what is the phase-space density of the antiproton beams?

s g w0\ (heV]cosg |
T E 2w 32E|n| "

- N2, o 11
- 1. , (W 2w 3°E|q _
o=—¢=A"2 == ' : 3.51
h A7 (?:_SEE) (hEV| r:c:f-;qi:5|) (3:51)

5 heV'| cos ¢g| ) /2 (s
- - = 5. 2.52
( 2w P E| ] (3.52)




Solution HW#4
In the bunch rotation manipulation, the evolution of the beam bunch is
(Vlgé‘ﬂ; 9[}) admtic {VQ, 51191) non—ﬂi?batic (Vlgé‘lj 91) rﬂc (Vl; 62,92)
The phase-space area enclosed by the ellipse is invariant in linear synchrotron motion, i.e.
mogby = wo104
From the relations

. s . L’
8o = ﬂgn 5 = iﬂgl

n n

we get 030 = 03vs1. From (3.57), the rotation in the last step has the relations

. L’
do = —5191 By = —01
U Vg1

The final bunch length is

Thus
wo = 0.5679 MHz, 6y =8518 x 107, 6y =2.487 x 1074, V5 =469.2 (keV)



Double rf system: . e, [ ol . [ ha,, -
d = o R Sin g — Sin gy, + v sin | o, + h—l[r,-‘} — ) | — sin g,
il i ) 1 |

| :
H = EM,,—'P‘! + Via),

Vig) = wdl(cosdy —cosd) + (@ — @) sin oy,
r . o
-2 [cos gy — €08 (g + h(h — @1s)) — B — ) sin o }
!

With double rf system, the beam bunch can have a larger tune spread.

Barrier buckets: The sinusoidal
rf potential can provide phase
focusing for particle motion. In /\
fact, the barrier bucket of any “

potential shape can also provide
stability of particle motion. The J\

barrier bucket can also be used \/7

for bunch beam manipulation.




Homework#5

The equilibrium distribution in linearized synchrotron phase space is a function of
the invariant ellipse with 6, = |n|os/v,. When a mismatched Gaussian beam
NRe 92 62
pld, #) = eXp 4 —— 5+ —5
2MaT 500 Tg=  Og°

1s injected into the synchrotron at time t = 0, what is the time evolution of the
beam?
show that the projection of the beam distribution function onto the # axis is

Npe _g29z2 e 5 9 3 . 9
e 0120 G2 = g cos” wgt + (|n]os/1s)” sin” wgt.

show that the peak current is I (t) = Npewn/ V2ma.



Solution HW#5
- Define = = 6, and p = | d /v, as the normalized phase space coordinates. The tori
of linearized synchrotron motion in the normalized phase-space are circles with z2 + p® =
constant. The initial rms beam widths in the normalized phase-space coordinates becomes
oz0 = og and opg = |n|os/vs. Let (G’mn/dpq])g =1 | X. Then the initial injected beam

distribution is N
IVRE 1
(0, po) = exp{ ~ 33 [8+ (1+ X088 }

T20

2TTL00p0

The linear synchrotron motion can be expressed as
T = I Ccos wst + po sin wst
p = —rgsinwst + pp cos wst.

72 1 + X cos? wet
+ 5.3
2!:’-:]:['

2 21 _

I

X sinwgt cos wgt ] 2
T

[p ™ 1+ X cos? wst

2

f:r_,% (1) = o5 cos® wet + ::rgn sin? wet

The beam distribution p(0) can be obtained by integrating over the coordinate
2

x

Npe ——
plx) = f p(x,p)drdp = o (f)E 2oz ()




Summary
1 +f aloptrie Fiald

1. Longitudinm rf electric field in accelera
particles to bunch into groups. The stable phase area of the phase
and off-momentum coordinates is called the bucket area, and the
torus that passes through the UFP 1s called the separatrix. The
phase space area of the beam is ¢

2. Particles in the bucket execute synchrotron motion, where the
number of oscillations per revolution is called synchrotron tune.
Typical synchrotron tune in synchrotrons is about 0.001 to 0.1.

3. Longitudinal rf electric field can be used to manipulate the beam
profiles by trading the bunch length vs momentum spread.
Similarly the transverse rf electromagnetic field can be used to

co-relate the longitudinal and transverse coordinates.



Nonlinear beam dynamics in betatron and synchrotron motion

H =~ —p (l — J—) - L+z/p [f:pr —eA)? + (p; — t’*;{:}f] —eA,.
Ji 2p
H = 1 x4 1 K (S))c2 + 1 z+ : K (S)Z2 ed ., (x,z,5)
2 2 X 2 2 z s,NL <

>~ b, + ja
A; = Bpk - %z + jz)"H
a [z ReLYFIS

Byb,

A = 3 (x3 —3xz)+ Bub,

(x4 —6x°z% + 24)+



H:lx'erl
2 2

1

1
K_(s)x* + Y z"”+

Y K (s)z’ f-ed, y; (x,z,5)

y'+K(s)y=0, H= %y’:"’ + %K(S)y"i

Y = \/ﬁ cos 1, y = — % [sin ) + a cos 1],

Fi(y,v) = fﬂ "yldy = —;’; (tant) — %J J = —G;fl = g; sec” 1) = ;5, v* + (BY' + ay)?]
I}:IIJF%:%. gz—%ﬁzﬂ. ' = 0H /0] = 1/B(s),

Note that the Hamiltonian H is s-dependent, and the Hamiltonian has different
value at different locations. We can remove this flutter of Hamiltonian by making
a Canonical transformation, and by employing the orbital angle 6=s/R as the

independent coordinate. i s ds )
Fy(, J) = (1'.,4',1 — [] ? + yﬁ') J
[



— A dq —
The conjugate phase space coordinates are ¥ = ¢ — | — + vl, J =
Thus the new Hamiltonian becomes H = R{ H +%} =R i + LJ _lJ =vJ
oS b R b
AV _, oH _, 4 _ o _
do oJ  do oy
_ _ ¢ ds
Y = Uﬂi’hm{m—}—y vf), 7(5) J'_
0 P

‘pﬂ — .ﬁ?f + ay = —y/ 2_;?.;' 5111{-?,-!,1 + J({-'-.?} — ;,:H}_,

I , 1 , 1, 1 5
H=—x"+—K (s)x"+—z"+—K (s)z" —ed X,Z,8
2 2 x( ) 2 2 z( ) s,NL( )

H = v.J +v.J, —eAS’NL J.,v. .,J v . 0)



Near a fourth-order 1D resonance, the Hamiltonian can be approximated by

H=uv,J, + %&J‘E + Gy cos(41p, — 00 + ), (2.387)
where the resonance strength G4, can be obtained from the Fourier transformation
of the effective particle Hamiltonian in the synchrotron. The Poincaré map near
a fourth-order resonance 4r, = 15 measured at the IUCF cooler ring 1s shown n
Fig. 2.54, where the left plot shows the Poincaré map in the normalized (z, P,) phase
space and the right plot shows the Poincaré map in action-angle variables. TR
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The betatron phase space
can be visualized as a space
filled by invariant tori, even
near a nonlinear resonance.
For a difference resonance,
the invariant is bounded!



» Take 2v +2v, resonance as an example, we expect to see particle
loss through fori as shown in the graph below. This means that the
betatron phase space is filled with resonance lines, where particles
that locked onto a resonance will leak out to a large amplitude
betatron motion through these resonance tori. The invariant tori
are unbounded for sum resonances!

« Experiments has yet to be carried out!
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Figure 3. The Poincaré maps {see text for explanation) are shown for a
Simple tracking calculation with a single octupole at a 2v,.+2v. = £ resonance.
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Consider an accelerator with 24 superperiods, and set the bare betatron
tunes just above the 4" order systematic space charge resonance!

For example: choose the
bare tunes at (6.23, 6.20),

and 1000 injection-turns,
with a total tune-shift of
1.1, what will be the final

beam distribution?

The tune for small
amplitude particles
continue to decrease
as the particle 1s
injected!

Tune

Emittance { mm mrad)
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Phase space map at the end of injection.
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What is the effect of the nonlinear systematic space charge
resonances on beam emittances?

The space charge potential has the form of exp(-(x>+z?)/46?). We know that the
Montque resonance is produced by the x?z? term in the potential. How about the
systematic resonance induced by the terms x*, z*%, x?z2, x5, x*z?, x?z%, z°, etc? Since
the space charge potential follows the beam profile, which has the same
superperiodicity, systematic resonances are located at 4qx=P, 4qz=P, 2qx+2qz=P,
6qx=P, 6qz=P, etc. Horizontal Beam Profiles, v=7.05

o Beam Intensity 8.0x10"" protons

What is the effects of systematic resonances? v
1) S.Y. Lee, PRL97, 104801 (2005); NJP 08, 291
2) X Pang, HB0S, 118 (2008) o
3) S. Machida, NIMA 384,316 (1997)
4) Ingo Hofmann, Giuliano Franchetti, and w

Alexei V. Fedotov , HB2002, AIP conference

[+]

am |

am F

proceedings wlk
5) S. Igarashi et al., observed at the KEKPS at
injection, PAC2003, p.2610 (2003) of
6) Oliver Boine-Frankenheim observed the 4th Fositien (mm)
order resonance in bunch rotation at the SIS18  rizue 1: Horizontat beam profites 0.2 - 2.8 ms after in-
simulations. jection when the horizontal tune was 7.05 and the injection

beam intensity was 8.0 10" protons.



What happens if the betatron tunes are ramped through the
systematic space charge resonance? Emittance growth of
nonscaling FFAG 1n crossing systematic space charge resonance:
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Other emittance dilution mechanisms

1. Since 1950, we believe that the
half-integer stopband (or the
envelope resonance by Sacherer)
1s the main cause of emittance ;

growth in low energy high energy ..’

accelerators. This mechanism is
also related to halo formation of
high intensity linac due to 2:1
resonance. Phys. Rev. E 51, 1609
(1995), ibid 3529 (1995).

2. Space charge Montague
resonance (2v,—2v,=0 or P)

3. Other resonances ...

k=416 M =02 Ry,=1.0018

——




At Fermilab booster, there is
an [PM for turn-by-turn
beam profile measurement
by averaging 53 bunches.

Data analysis of IPM data: The
injection-turn numbers at Fermilab
Booster were varied from 2 to 18.
The gate of the ionization profile
monitor was about 1s, or the
measured profile was the average of
about 52 bunches. The experimental
condition for all data sets was the
same as the normal operational
condition with the corrector
package, e.g., trim quadrupole, etc.
The profile data at each revolution is
fitted with a Gaussian plus
polynomial model:
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For the vertical plane, we can
obtain emittance by

2
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Use basic accelerator physics

information to extract the
horizontal emittance!



Assuming that the horizontal
transverse phase-space distribution
is uncorrelated to the longitudinal
phase-space distribution, we obtain

o5 = B €ms + D0z = aAlt) + bB(r)
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Upshot: Horizontal emittance does not
change with beam intensity!



\l

The results are
1. The vertical emittance depends 61
very much on the beam .
intensity (see right plot) 8 7
2. The horizontal emittance is g At
independent of the beam E
intensity. W3 et Moy
3. Detailed data analysis points to 2} L f*"‘,‘?‘.f“’,""'ff'ffﬁ‘T:"fui,\':: "
the importance of the linear
sum and difference resonances L

atv.+v,=13 and v,—v,=0.

4. The Montaque
resonance at 2v,—
2v,=0 holds the
horizontal emittance
constant, and causes
the growth of the
vertical emittance.

tunes




An Introduction to ICA*

Three routes toward source signal separation, each makes some
assumptions of source signals.

1. Non-gaussian: source signals are assumed to have non-gaussian distribution.

Imo? 2o’

: . | (2 —m)
Gaussian pdf plz) = _exp | ————

2. Non-stationary: source signals have slowly changing power spectra

3. Time correlated: source signals have distinct power spectra.
o

This 1s the one we are
going to explore

* Often also referred as Blind Source Separation (BSS).



ICA with Time-correlation

> Assumptions
(1) (s(t)s(t+ ﬂ ) = diag[pi(7), pa(T), ..., pu(T)

* Source signals are temporally correlated.
» No overlapping between power spectra of source signals.

As a convention, source signals are normalized, so C.(0) = (s(t )S(:t)T> =1
(2) < Il ZL + T j > — %) (T )I Noises are temporally white and spatially
, , decorrelated. And noises are independent
<11 (t)s(t + 'T) > =0 from source signals.

In accelerator physics:  X(#) = As(?) +n(?)

« Covariance matrix |
C,(0) = (x(t)x(t)") = AC(0)A" +5°1
C.(7) = (x(t)x(t+ 1)) = AC(T)A!, 7 £ 0

So the mixing matrix A is the diagonalizer of the sample covariance matrix C,. For
better performance, mixing matrix A is found as an approximate JOINT
diagonalizer of C (1) with several t, instead of one. To facilitate the joint
diagonalization algorithm and for noise reduction, a two-phase approach is taken.



ICA with Time-correlation

* Algorithm

D1,D2 are
1. Data whitening | diagonal \ ‘ ﬁg;isiéo remove \

D
CX(O)Z[UI,U2]|: 1 D :|[U19U2]T with OSmaX(D2)</ICSmin(D1)
2

1

1 Benefits of whitening;:

z=D, 2UlTX =VXx — <77" >=1 1. Reduction of dimension

2. Noise reduction

3. Only rotation (unitary W)
is needed to diagonalize.

2. Joint approximate diagonalization

C.(t)=WC,(r)W' for 7={r,|i=L12,---,k}
3. The mixing matrix A and source signals s

s=W"' Vx
A=(UD?)W



Linear Optics Functions Measurements

The spatial pattern can be used to measure beta function ([3), phase
advance (y) and dispersion (D, )

1. Betatron function and phase advance

x= A8 + A4,s, ___——Betatron motion is decomposed to a
y j sine-like signal and a cosine-like signal

b= a(Ab21 + Abzz) W= tanl(A—bl

b2

2. Dispersion

X = AZSZ _—— Orbit shift due to synchrotron oscillation

g coupled through dispersion
D.=b4, 5=

a, b are constants to be determined




Linear lattice function measurements

Application to Fermilab Booster
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Dispersion Measurement

The dispersion 1s derived from the mode corresponding to evolution of momentum
deviation due to injection energy mismatch (DC beam, one new dogleg).

A plp (x0.001)

0.2

o

|
<
N

I
ot
T~

0 200 400 600 800 1000
turn number

Injection energy error and
its evolution

6 : :
o measured
I model .
4 | . n
i I D -
i G
! 'Il I
AT LINEY P
.‘ [] ¥ f ]
11 N
O I | I I
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BPM index

The measured dispersion
is compared to model.
Error 05=0.11 m
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Recent Beta Measurements (AC)

AC beam, with two new doglegs, Pinger frequency 500 Hz (2 ms).

A plus mode

0 10 20 30 40 50

A minus mode

0 10 20 30 40 50
BPM index

st620

—0-%5 100 200 300 400 500

turn number

st620

—0.20

100 200 300 400 500
turn number

Coupling is strong in ramping cycles.
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Beta Function in AC data

The measured beta function compared to model.

Turn 620-670 —— model
st620 O meas
50 T T 1620 . ; 30 T T T
[m]
m] 25¢ O o o
A0} . o m oo fo g
1 [HI ' 1‘“ i 20| | 1 . 5
30} 1’ o ' 1 . o Bhd
£ E .l |
'il.x 20} A . @.N
10} ]
10‘41 fod D:IJD uu” doh l 1 sl D[]l] lluumlj.llu'ln']l Duu“nu” |
% 10 20 30 40 50 0 . . . .
BPM index 0 10 20 30 40 50
BPM index
Horizontal beta Vertical beta

Phase advance are also measured. Measurements were done in later time
of the cycle, too.
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tunes

Betatron and synchrotron tune measurements

6.9 - - - 0.1 :
—calc
0.08 ~8-meas .
: i ) DDB '
Mﬁ% 0.04}
g [—model
—model V 0.02¢
-B-meas H
-&-meas V , r - il - -
E'ED 10 20 30 OU 10 20 30
time (ms) time (ms)
The betatron tunes The synchrotron tunes

The clean coherent betatron modes and the interpolated FFT

allows betatron tune measurements to high accuracy: <=0.0005
with 250 turns.
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Weak Synchrotron Motion

e st23001

—0. . . .
2t| 100 200 300 400
turn number

Temporal pattern

B 10 ' 30 a0 50

EIF"H ndesx

Spatial pattern amp = 0.1 mm

Amplitude of dp/p, spatial pattern
normalized by calculated dispersion.
Correlated to the RF cavities.
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Study of nonlinear motion -- 2v, mode
X. Pang and SY Lee, JAP 106,074902 (2009)

e Simple lattice with 12 E’f_v;s.szs —— Tst mode |
superperiod of FODO o A
cells 02
® Add Sextupoles in the S 0.1} I e
lattice. 5 Dz
e Particle tracking was 8 ol [——3rd mode
carried out and the data g |
were analyzed by PCA g 04
and ICA. & ozpl——4Mmode 1
e We found totally 6 g
important modes. We only & 5| [—"5th mode _
consider the 3™ and 4t Lo |
modes at the tune of 2v, 04—
02k = Gth mode 1
: |

0 005 0.1 0.15 0.2 025 0.3 0.35 04 045 05
tune



The 2v, mode

e Compare the spatial
function obtained by ICA
and PCA

After ICA processing, the
normalized spatial wave
functions of the 3™ and 4
modes have simple linear
betatron motion outside
the sextupole.

The spatial function of the
4t mode obtained by PCA
preprocessing is

messy, but still important
in a proper ICA analysis.
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. t1 f motion of 2v, mode
Eqiua ion of mo . K (5)e = By (s )( 2,2
 Hill’s eqn: 2Bp
« Short sextupole, localized kick (B2/Bp) = ) K2Ld(s — Ssexs — nC)
 Floquet transformation: £ = y L [ ds
B ij ('1 v ,'31-
¢ % = yﬁ_ﬁ}'ﬂﬁrg Z d(s — Sgaxt — 2n7)
. B. 1
9,30 Da oo B
= v 25, }TLT\]HT_I
|

= Sl 1.6 K o L{cos(2vp0 + 2y ) + 1] Z 0D — Digoxr — 2nTT)

where ¢ = 4% /d¢? KsL = [ By(s)ds/Bp
 Solution:  {=&+& & = xo/VPBe w0 = /205 cos(vpd + X)

* Get the particular solution &1



Perturbative solution:

. 1
£+ u,% = §UIJI,3£”KQL[CDS(2UI¢ +2x) + 1] Y 0(6 — disexs — 2n7)

1 .
EﬁgngQL Z 5{§b - Qf}sext - 271?() — Z fkeiktﬁ
k

1 .
fio = = D Bl EaLe 0 fr = | fr|e'¥*

sext

é+ 26 = Z | fx|vedr cos[(2vy — K)o + 2x + ] + Z S|y cos[ko + i
k k

4 4

|fk|y5:r

|vp Sy .
£ = Z — | fx| i cos[(2v, + K)o + 2x + i +Z cos|kd + i

- — (2vy +

Closed Orbit



Closed Orbit= x-x4-X,,

= As(s)sa(t) + Aa(s)sa(t)
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2.9

Beam-based measurement =i s
f sextupole strengths ‘I b = 15271 m
of sextupole streng ~ o —o17sem
E 15t X
o
2 1
3
05r
With 12 sextupoles in the lattice 0 0.5 1 15 2 2.5
Input K2L(m )
1.5 T T T T T T 15 r : ; r : ;
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i ° 5 K L=-2m7? | ~ 9 ° KGh=-2m
'E._os 2 |.§,_05 O I(2L=1m‘2
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What happens if there 1s only one BPM between sextupoles?
1 = /201Jnsin[orn + 2mve(n — 1)
BPM1
Ty = /200 Jysin|de, + 2mve(n — 1) A
_ | X5 — BPM?2
13 = \[2Flnsin|an F 2man =1
| | , SXT
+ s_!'33~‘“n[f~"r{¢|"3.1t — ﬁjs:n}]-‘ﬂl's —> BPM3
ﬂ'&.i’-,gf — %I{QLISQ Ly = 2."::]'3'}?15”1[{,5’3.?1 + 27”-"'1[?1 — 1]] SXT
1 | T T 24 | T To g . , .
J = — — - Aoy = @9 — 0 T
(H:l 4[5015 l: ] J ,-" ‘:?;'?1-2{&?] }l: .-'_Q-Sl !_ES-E} ] 21 2 1
a3 ! 1 (A e ! P12 A Q3 = @35 — Ql.n'l'f.‘-l*i':n_
‘/2.? Bmﬁﬂmj {\/— 1\/_ Jeos(Adgs) ZS?H%[\/E m},&am{&mg} ]

Arqg = 19 — Tqg = +/ FFasindqAx’

2 1q
v O Fasingqr,?

Kyl =

£




2Ax,

2 -5
— . = K2L'xs 10 x10 | | | |
\/IBSIB3 Sin 53 9l _2 ¢ noise 200um ||
KZL =1m noise 100um
. . X, = 10mm * noise Opum |
With single sextupole in the 7T B =15.217m . |f ,ﬁ
lattice, very point corresponds to X . x
ol | w¥

one turn of tracking, totally 1000
turns.

The slope indicates strength of
the sextupole.

(8]
)
He
}
e
e
e

- Iu

2Ax /sqrt(B_ B)sin(d_,)

Determine the sextupole

strength by finding the slope Y A

of the center line of the band. - X i o ¥ T R 4 g X
The band width is proportional K Fx

to noise level. 3 £ . :
This method can also be used "

for other higher order non- - 05 ] 15 ) 25 3 35

1 2 2 -
linear elements 2. (m?) 10






The hexagon, which was discovered by the
Voyager spacecraft in the early

1980s, encircles Saturn with an estimated
diameter wider than two Earths. The
associated jet stream likely whips along the
hexagon at about 220 miles per hour (100
meters per second). Cassini has been
orbiting Saturn since 2004, and unlike
Voyager it has a better angle for viewing
the north pole and provides higher-
resolution images. But the long darkness of
Saturnian winter hid the hexagon from
Cassint's visible-light cameras for years.
During this time, the craft's infrared
instruments were able detect the shape
using heat patterns, with the resulting
images showing the hexagon is nearly
stationary and extends deep into the
atmosphere. The images also showed a
hotspot and cyclone in the same region.

A mysterious hexagon shape on
Saturn, which was captured by
cameras aboard NASA's
Cassini spacecraft, spans about
two Earths and i1s likely created
by the path of a jet stream.



TEM wave coupled cavity: \ \T 7 N vy
Q1 ] =0 [ 0
/HH% NE, 7 T4
pwl  re peOskinf 1 1 2mel
L= ﬂlllf+ 4::.: [: " f_g} ¢ = In(ry/ry)’
Ze= R = JIJC = wl ~ — % 1 "2,

2m VI € r
With exp(jot) dependence, the current and voltage across the cavity structure is
I(s,t) = Iycosks+ j(Vy/R:)sinks, V{(s,t) = Vycosks+ jlyR,sin ks,
For a standing wave with shorted end, 1.e. V(s=0)=0, we obtain

[(s,t) = Iy(t)cos ks, V{s,t)=+jly(t)R.sinks.

The mput impedance of the wave guide is 7. - (£,1) — +jR. tan kl.
I(€,1)
The length of the line is chosen to match the input impedance to 1the reactance of
the gap capacitance, 1.e. _ _ _
&4p cap Zn+Z,, =0, tankl =

@R .C - g

gap



TEM wave coupled cavity: \ V7 N L

The resulting voltage at the gap is O ) ) ) = O ] ;

/Hm NE, 7 T

I{0)R.
Vie = +31(0)Resin kly, = +3 10)

V14 Y

The shunt impedance and Q-factor:

The surface resistivity and the resistance of the transmission line is

non
Q:Rc :a)Lz 27‘17‘2 H lnrz
R R (n+r)o4, #, 1
I’R"¢ I’R
P = cos” x dx = [(1+g°)cot™ g+ g]
2 ! 4(1+g%)
Ve I




TEM wave coupled cavity: \ V7 N L

O =0 1T

« 1o TEM wave guide § Leq — ch%Esh /I—Iﬂ,l‘Z \|/ :N Err 7' /|\ Ml

-1
L 1 R-ih .y
Z =g TiwCeq+- ) - : : ~ Rq,cosye ",
( | J¢ ]-—I'_?Q{Ldf"wl. —.:,L,'[./u;}

wWe = (LeqCeq) M
Q - Hﬁlwflm*q/‘i‘l*ii

| EQ{LJ — f.dl-)

U = tan
Wy



Filling time:
R. P, oW, 6 dW,

Q )
=L =—-3S f=—P=—=W, W =W, exp(——t
R P P, i d Q 0 ©XP( Q )

The filling time 1s defined as the time for the electric field or potential to decrease
1/e of its initial value.
_2Q

Q

Q=

Iy



